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For a circular orbit, the local vertical rotates uniformly about the orbit normal, and it is a stable equilibrium
position for, basically, any tether. For an elliptical orbit, however, the local vertical does not rotate uniformly, and
it is no longer an equilibrium position for the tether: the librations dynamics become excited even if the tether is
left at rest along the local vertical. Instead of stable equilibrium positions, the governing equations have periodic
solutions. For an electrodynamic tether, the equilibrium positions along the local vertical do not exist even in the
circular case. Using simple models to describe the Earth magnetic field and the tether current, the governing
equations also have periodic solutions instead of equilibrium positions. The goal of this paper is to analyze the
combined action of these two forcing terms: the eccentricity of the orbit and the electrodynamic forces. The joint
influence of both effects give place to new periodic solutions, which play an essential role. They are detected, and
their stability properties are analyzed because they provide the system dynamic stability.

Introduction

ECENTLY a new kind of dynamic instability has been ad-
dressed for electrodynamic tethers operating in inclined, cir-
cular orbits (see Refs. 1-4). Using simple models (a nontilted dipole
model for the Earth magnetic field, a tether current that does not
change along the orbit, and a dumbbell model for the tether), the
system governing equations are forced periodically by the electro-
magnetic terms that have the orbital period. Independently of the
model (flexible or rigid) used to describe the tether dynamics, this
instability appears in the motion relative to the system center of mass
G, when the orbital inclination is not zero. In addition to the incli-
nation, there is a nondimensional parameter ¢, defined in Eq. (18),
which gauges the electrodynamic torque vs the torque produced by
the gravity gradient and inertia forces. Thus, when ¢ is zero the
system has stable equilibrium positions with the tether along the
local vertical, but for ¢ # 0 the governing equations have periodic
solutions instead. Because of the frequency entrainment, these pe-
riodic solutions have the orbital period or an integer multiple of
it. Previous analyses have been made for a circular orbit by using
asymptotic techniques when ¢ < 1 and numerical procedures when
&~ O(1) (Refs. 1-3). In those papers, the existence of a special pe-
riodic solution with the orbital period, which reduces to the stable
equilibrium position when ¢ goes to zero, was shown. However, in
the absence of damping or control this periodic solution is unstable.
This instability plays an important role in the motion of the tether
relative to the system center of mass. A similar situation appears
with models that account for the electrodynamic forces in a more
elaborated way.’
Elliptical orbits have been used in many space missions from
very early on. For a satellite in elliptic orbit, the stability of its
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attitude motion becomes an important dynamical issue. It is well
known that gravity-gradient-oriented satellites in circular orbit have
equilibrium positions relative to the orbital frame. In these positions,
the principal axes of inertia of the satellite coincide with the axes
of the frame. Some of these equilibria are stable. Unfortunately,
the equilibrium positions disappear when the satellite follows an
elliptical orbit. The works of Modi and Brereton®’ show that, in
place of the equilibrium positions, periodic solutions appear and the
satellite dynamics become more complex.

In a tethered satellite, the gravity-gradient stabilization is strong
because tethers are usually very long. In the stable equilibrium po-
sition, the tether remains aligned with the local vertical. However,
when the system center of mass follows an elliptical orbit the tether
oscillates around the local vertical, and if the orbit eccentricity is
sufficiently large the oscillation becomes a rotation.

For an elliptical orbit, the equations governing the motion relative
to the system center of mass can be rewritten, introducing the effects
of the eccentricity as periodic forcing terms, which change with the
orbital period and vanish when the orbital eccentricity goes to zero.
This way, the ellipticity of the orbit causes a perturbation of the
librations that take place in the circular case.

The goal of this paper is to analyze the effects of the combined
action of two forcing terms: the eccentricity of the orbit and the elec-
trodynamic forces. Four free parameters appear in the problem: the
eccentricity e, the orbital inclination i, the argument of the perigee
w, and the just-mentioned parameter €. At first sight, the eccen-
tricity could reinforce the instability caused by the electrodynamic
forces. However, other possibilities cannot be ruled out: the insta-
bility could become smoother because of the eccentricity in some
range of values of the parameters. In any case, it would be necessary
to clarify this point with a detailed analysis that will consist of three
logical stages:

1) First, we analyze the dynamics when the tether follows an el-
liptical orbit (e # 0) without electrodynamic forces (¢ =0). Some
families of periodic orbits are obtained. As a part of the analysis, the
linear stability properties of these periodic solutions will be deter-
mined, showing the influence of the eccentricity on the eigenvalues
of the monodromy matrix of the periodic solutions.

2) In the second stage, the influence of the electrodynamic forces
& # 0 will be considered.

3) Finally, the comparison with the circular case will be detailed.

The first stage has no new results. The periodic solutions involved
have been obtained in Ref. 6 and their stability properties analyzed



612 PELAEZ AND ANDRES

in Ref. 7. Therefore, these results have been well known for some
time. In this paper, they will be obtained again by using a different
approach more convenient for the subsequent analysis. We use a
numeric algorithm based on the Poincaré method of continuation
of periodic orbits, which provides both the periodic orbits of each
family and their stability properties, as functions of the orbit eccen-
tricity. The fundamentals of the algorithm can be found in Ref. 8.

Dumbbell Model

Let Ex;y;z; be the geocentric inertial frame. Its origin E is the
Earth center of mass, the axis Ex; points to the first Aries point,
the axis Ey, is in the equatorial plane, and the coordinate system
is right-hand oriented. We try to describe the motion of the system
relative to this frame.

We will use simple models to underline the physical effects in-
volved in the problem. We consider a system formed by two end
masses joined by a rigid rod of length L and mass m,, aligned with
the unit vector u (Fig. 1). The upper mass will be m, and the lower
one m;. The center of mass G of the system follows a Keplerian
orbit with eccentricity e and inclination i. Instead of (m,, m,, m,),
the mass geometry of the system is described in a better way with
three different parameters (m, ¢, A,). The total mass of the system
is m=m; +my+m,;, and A, =m,/m is the fraction of the total
mass by the tether mass. Both end masses can be described by using
the parameter ¢ defined by

cos’ ¢ = (1/m){my + 3m,} = m; =m(cos’p — 1A,) (1)
sin? ¢ = (1/m){m2 + %m,} = m, = m(sin2 - %A,) )

The maximum (minimum) value of ¢ corresponds to m; =0
(m, =0), respectively. Thus, ¢ € [@min, Pmax], and the ends of this
interval only depend on A,

Pumin = arcsin (\/A,/Z) (m, = 0)
Pmax = arccos (\/A1/2) (m; =0)

If A, =0, ¢pmin =0, and ¢.x = v/2. For fixed values of A, and m,
when ¢ describes the interval [@min, @max ] from the lower to the upper
end, mass is re-distributed from the lower particle to the upper one.
The total mass m does not change in this process. Then, ¢ = /4 if
both end masses are equal.

The position of the center of mass G and the moment of inertia
relative to a line perpendicular to the tether through G are

hg = Lcos® ¢, I, = (1/12)mL*(3sin* 2¢ — 2A,)  (3)

Because we are dealing with a rigid body, we separate the motion
of the center of mass G from the attitude dynamics problem.
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Fig. 1 Mass distribution of the system.

Motion of the Center of Mass

The only forces that we consider in the problem are the grav-
itational and electrodynamic forces. We assume that m, the total
mass of the system, is large. As a consequence, the orbit decay rate
produced by the electrodynamic drag is negligible. Moreover, the
gravitational forces do not produce, on average, decay of the orbit.
Thus, we will assume that the center of mass of the system follows
an unperturbed Keplerian ellipse. Taking polar coordinates (r, v)
inside the orbital plane, the equation of the orbit will be

a(l —e?)
y = ——
1+ecosv

(C))
where v is the true anomaly, measured from the perigee.

Attitude Dynamics

Let Gx;y,z, be a movable frame with origin in the system center
of mass G and whose axes remain parallel to the corresponding axes
of the geocentric inertial frame Ex;y;z;. By definition, the motion
relative to the system center of mass G is the motion of the system
relative to the frame Gx,y;z;, and it is governed by the angular
momentum equation

d
d_z(HG)zMG + Mg (©)

where _H is the angular momentum of the system given by
Hg =15 ow. Here I is the central inertia tensor and w is the an-
gular velocity relative to the frame Gx,y;z;, and it takes the value

w=uxu+ou (6)

[In Eq. (6), the particular value of « is irrelevant because the moment
of inertia relative to the tether line vanishes.] On the right-hand side
of Eq. (5), we find the gravitational torque M and the electrody-
namic torque M. Both act in the system center of mass G. We will
give expressions for these two torques shortly [Egs. (10) and (11)].

Because (u x ) lies in a principal direction of inertia in G, the
following relation holds:

Ioow=1Io0@xu)+Igo(au) =I,u x )
Thus, Eq. (5) takes the form
uxi= /) Mg+ Mg) )]

The derivative # must be calculated in the inertial frame, where the
unit vectors (i1, i, k) remain fixed.

We will introduce the orbital frame Gxyz, with origin at the sys-
tem center of mass G, the Gx axis along the local vertical pointing
to zenith and the Gy axis normal to the orbital plane (Fig. 2). The
position of the tether and its unit vector u is defined by the in-plane
angle 0 and the out-of-plane angle ¢

u = cos ¢ cos i — sin ¢j + cos ¢ sin Ok
In what follows, the Coriolis theorem

dA(r)
dr

_dA(n)
T odr

+ wr X A(t)

[¢)) ©0)

Fig. 2 Orbital frame and tether position.
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relating the time derivative of a given vector A(¢) in the geocentric
inertial frame (body 1) and the time derivative in the orbital frame
(body 0) will be used. In this expression, wg = —j is the angular
velocity of the orbital frame relative to the inertial frame. This way,
we get

i=u"+ap xu+2wyp xu +wp X (WR X u) (8)

where u’ and u” are the time derivatives of u in the orbital frame, and
ar = —Vj is the angular acceleration of the orbital frame relative
to the inertial frame. Equation (7) takes the form

uxu" =(/I)Ms+Mg) —u x (ag xu) +2(wg -wu'
— (U X wr)U-wgr) )

The gravitational torque is given by
Mg ~ Gu/rVi x g o)

where 1 is the Earth gravitational constant. To obtain this expres-
sion, some assumptions have been made: 1) the Earth gravitational
field is perfectly spherical, and 2) when compared with unity, terms
of order L/r—and higher—have been neglected.

The identity i = (i - u)u +u x (i x u) leads to

Iooi=lLux(@ixu)=Lli—ui-u)
and the gravitational torque turns out to be
Mg ~ Bu/r*) I (u x i) (u - i) (10

The torque about G introduced by the electrodynamic forces is
L
Mp=ux (uxB)J,, where J = / (hg —h)I.(h)dh (11)
0

1,(h) is the tether current profile, and B is the Earth magnetic field,
which will be considered constant along the tether (and equal to its
value in G). To model the magnetic field B, a nontilted dipole model
will be used. The components (By, By, B;) in the orbital frame of
the magnetic field are

B, = —(ZMm/"3) sini sin(w + v), B, = _(Mm/rs) cosi

B, = +(/Lm/r3) sini cos(w + v)

In these expressions, w is the argument of the perigee, and w,, the
intensity of the magnetic dipole. The details can be found in Refs. 1
and 2.

Governing Equations

The vectorial equation (9) provides two scalar relations when
projected onto two independent directions different from the tether
line (projecting onto the tether line leads to the trivial identity).

Let u, be a unit vector lying in the orbital plane and perpendicular
to the tether line. Projecting onto the vectors j and u,, we get the
equations

Joxu")=j-[(1/1)Mg +Mg) — P] 12)

ur - (uxu') =u - [(1/1) (Mg +Mg) — P] 13)
where P is a vectorial expression given by

P=—ux(apxu) +2wr -wu —uxwr)u-wr)

Introducing the libration angles (6, ¢) and performing some cum-
bersome algebraic work, these equations take the form

0" —2¢ tan(0’ + 1) +3sinf cosf = e[2h; (v, e)(®' + 1)

4 3h,(v, e) sinf cos 0] — e{tan g sini[2g, (e, w, V) cos O

— g (e, w,v)sinf] 4 g3(e, v) cosi} (14)
@" 4+ [0+ 1)* + 3 cos’ ] sinp cos ¢

= ¢e[2h1(v, e)¢’ + 3hy(v, e) sin g cos ¢ cos? 6]

+esini[2g(e, w, v)sin6 + g,(e, w, v) cos ] (15)
where hy, hy, g1, g2, and gz are auxiliary functions given by

sin v cos v

hi(e,v) = ———, hy(e,v) = — (16
(e v) 1+ ecosv 2ev) 1+ecosv (16)
( ) sin(w + v) ( ) cos(w + v)
e, w, V) = ————, e,w, V) = ——
&1 1+ecosv & 1+ ecosv
(e, v) ! (17)
JV) = —————
g3te 1+ecosv

and the independent variable is the true anomaly v measured from
the perigee.

There are four free parameters in Eqs. (14) and (15): three orbital
elements (e, i, w) and the electrodynamic parameter &, which is
defined by

& = (J1/L)(tm /1) (18)

and gauges the electrodynamic torque vs the torque produced by the
gravity gradient and inertia forces.

Obviously, Egs. (14) and (15) must be integrated from the appro-
priate initial conditions:

at  v=w:  O=6), @=¢), O=6), ¢=¢o (19)
corresponding to the instant in which the tether current is switched
on.

Inert Tether

For an inert tether, that is, when no current flows in the wire,
& =0, and the governing equations (14) and (15) reduce to

0" —2¢ tanp(® + 1) + % sin 20
= e[2h(v.€) (@' + 1) + 2ha(v, €) sin 26 (20)
@" +[(0' + 1)> + 3 cos” 014 sin2¢

= e[2h1(v, e)¢' + 2hy(v, €) sin 29 cos? 6] @21

with &, and h, given by Eq. (16).

For a circular orbit, e = 0, the local vertical is a stable equilibrium
position of Egs. (20) and (21). In that position, the tether rotates
uniformly about the orbit normal. However, for an elliptical orbit
the local vertical does not rotate uniformly, and it is no longer an
equilibrium position for the tether. In such cases, the tether librations
become excited even if the tether is left at rest along the local vertical.
The reason for this behavior is found in Eq. (20), which governs
the oscillation of the in-plane angle and is a self-excited equation.
Because of the coupling between the in-plane and the out-of-plane
angles, the tether will oscillate continually, and these oscillations
grow with the eccentricity e. Instead of equilibrium positions along
the local vertical, the governing equations have periodic solutions
that play an important role because the dynamic stability of the
system is given by their stability properties.

The problem that we face here has been considered long ago in the
literature from different points of view. For instance, the libration
of gravity-gradient satellites exhibits a self-excited dynamics that is
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Fig. 3 Eccentricity ranges in [0,1].

strongly chaotic in some regions of the parameter space.” With no
intention to be comprehensive, we give some references where this
problem has been discussed.®7-°~15 Regarding the aim of this paper,
the central references are Refs. 6 and 7, where Modi and Brereton,
in 1969, found different families of periodic solutions for the more
general problem of a satellite in elliptical orbit. In their analysis,
the tethered satellite turns out to be a particular case. They studied
the in-plane oscillation, because Eq. (21), which is not self-excited,
provides the solution ¢ (v) = 0 for the initial conditions ¢y = ¢y =0.
Thus, without any other perturbation the periodic solutions appear-
ing in elliptical orbits correspond to in-plane oscillations, and they
are governed by the equation

0" +3sinf cos @ = e[2h (v, e)(0' + 1) + 3h,(v, €) sinf cos ]
(22)

The first task to carry out is to reproduce the results of Refs. 6
and 7, which will be taken as the starting point of the analysis de-
veloped in this paper. However, we take a quite different approach
closely related with the numerical tool used to obtain families of
periodic orbits. We work with a slightly modified version of the nu-
meric algorithm developed in Ref. 8, which is based on the Poincaré
method on the analytical continuation of periodic orbits.!® The al-
gorithm provides the stability properties of the periodic orbits after
having detected them.

The first step in using the algorithm is to rewrite the governing
equations as a forced system. Equations (20-22) have been rewritten
in this way. On their left-hand sides, we find the terms correspond-
ing to the circular case equations, and on the right-hand sides the
perturbation that the eccentricity introduces into the system. Note
that such a perturbation is described through periodic forcing terms
whose period coincides with the orbital period.

In Refs. 6 and 7 the eccentricity ranges in the interval [—1, 1].
In this paper, however, the eccentricity ranges in the interval [0, 1].
A negative eccentricity means that the true anomaly v is measured
from the apogee, that is, it has been shifted in 7= (Fig. 3). We al-
ways measure the true anomaly v from the perigee, and therefore
ec|0,1].

We use the numeric algorithm as follows: starting from a periodic
orbit corresponding to the circular case (e =0), we propagate the
family of periodic orbits for increasing values of e. Thus, we need a
periodic orbit of the circular case from which to start the propagation.

Because of the frequency entrainment law,'” the periodic solu-
tions appearing in the elliptical case must have the orbital period,
or an integer multiple of it. Therefore, we can select for the circular
case e =0, the appropriate periodic orbit from which the propa-
gation process will start. As a consequence, we begin the analysis
summarizing the main aspects of the circular case.

Circular Case
For the circular case, Eq. (22) becomes

6" +3sinfcosf =0 (23)
and it has the energy integral

(0% + 3sin’ 0 = 3sin’ Oy,

H
~
N
\
\\

g o
-1
-2
% -F -f 0§ F ¥ o
0
Fig. 4 Phase plane of the gravity-gradient pendulum.
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Fig. 5 Awv in alibration cycle.

where the amplitude 6, is given by the initial conditions

V=  0=6,=0, 6 =6,=+3sinby

Note that 6, and 6}, are equivalent data, and any of the two vari-
ables can be used to describe the initial condition of a phase plane
periodic orbit. Figure 4 shows the orbits in the phase space. When
Oy < 90 deg, the motion is a libration and when 6, > 90 deg, arota-
tion. For 8, =90 deg, we have equilibrium positions and separatri-
ces that correspond to asymptotic motions separating the libration
from the rotation. We are interested in librations that in the circular
case are always associated with periodic motion.
A new integration provides the solution

sin® = sinfy - sn[v3(v — vp), sin O] (24)

where sn(u, sin6),) is the Jacobian elliptic function with modulus
— Qin2
m = sin” 0.
The function sn(u, sin 8),) is periodic in u. Its period is 4K (6y,),
where K (0)) is the complete elliptic integral of the first kind:

/2
d
K (sinfy) = / <«
0 /1 —sin®8ysin’¢

Therefore, during a whole libration cycle the increase of the true
anomaly is given by

Av = (4/+/3)K (sinfy) (25)

and it is plotted in Fig. 5 as a function of 6),. Notice that the func-
tion Av = Av(6),) increases monotonously from is minimum value
Av(0) =27 /./3~3.63 at 6y =0 until Av(90) =00 at Oy =7 /2.
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Table 1 Periodic solutions

m\n 1 2 3 4 5

1 2 4 6m 81 e
2 b4 2 3 4 —_—
3 27 /3 4m/3 27 8r/3 ——
4 /2 b4 3 /2 21 —_—
5 2n/5 4m/5 6m/5 8m/5 ——
6 -

The solutions for which Av=2mn/m (m and n integers) are
particularly interesting. They correspond to situations in which the
tether completes m whole libration cycles while the center of mass
G describes n orbits.

When n =1, there is only one such solution. It corresponds
to m =1, when Av(fy)=2r. [Note that m =2 yields Av=m,
which is lower than Av(0)~3.63, and therefore there is no solu-
tion.] The procedure giving the solution is shown in Fig. 5, and it
provides sin 8y, ~ 0.9623. The corresponding initial conditions are
Oy ~74.217 deg (or 6; ~ £1.667).

These initial conditions lead to a pair of 277 -periodic orbits: 1) for
the first one, which will be named P, we have 6~ + 1.667; and
2) the second one, which will be named 7, we have 6, ~ —1.667.
Both orbits are identical and describe the same trajectory in the
phase plane (0, 8’). However, they are 180 deg out of phase. We
anticipate a rather different behavior for e # 0.

At first sight, when n =2 there are three possibilities: m =1, 2,
and 3. Obviously, the case m =2 coincides with the case just con-
sidered, and it will be discarded. We have two 47 -periodic solutions
for each one of the cases m =1 and m = 3. Thus, the following is
noted:

1) If m =3, the increase will be Av(0,,) =47 /3 and will lead to
sin Oy, ~0.67074, 0, ~42.12404 deg, and 0;(0) ~ £1.16175. The
orbits will be named Ps, [upper sign (+)] and Ps,, [lower sign (—)].

2) If m =1, the increase will be Av(y,) =4m and will lead to
sin Oy, A2 0.99985, 0, ~ 89.00647 deg, and 0, (0) ~ £1.73179. The
orbits will be named Py, [upper sign (+)] and Py, [lower sign (—)].

When n =3, there are four possibilities: m =1, m =2, m =4,
and m =5. All of them lead to 6m-periodic solutions. Using this
procedure, we would fill in Table 1 and obtain periodic solutions
of increasing period in a systematic way. However, we will only
consider the cases n =1 and n = 2 for reasons that will be revealed
later on.

There are also equilibrium positions for which 6 =6’ =0, with
the tether aligned along the local vertical and at rest. These steady
solutions could also be considered as periodic solutions. In such a
case, the period can be selected freely.

Each one of the periodic solutions that have been obtained in this
way belongs to a wider family of periodic solutions. The eccentricity
e is the parameter of such a family.

Families of Periodic Orbits for the Elliptic Case
We begin the analysis showing the families of periodic orbits that
oscillate with the orbital period, 27 in nondimensional form.

27 -Periodic Orbits

Figure 6 shows three families of periodic solutions that have been
obtained in our analysis. The upper picture shows their phase plane
trajectories, the lower one their time history in one orbital period. In
both cases, three values of the eccentricity e have been considered:
e=0.1, 0.2, and 0.3. The arrows show the direction of the families
for increasing values of e.

Note that for all of the periodic solutions found, the tether
crosses the local vertical at the apogee and the perigee. Moreover, it
does not reach the maximum amplitude on the intermediate points
(v=m/2;v=3m/2).

The family labeled F; is the continuation, for values of e # 0, of
the periodic orbit named P, in the preceding analysis. For this orbit,
the initial value 6 is positive, and the amplitude of the oscillation
decreases when e increases.

-1.5 L
R

7/2 3n/4 ®  bn/d3n/2 Tnjd on

v

Fig. 6 Three families of 27r-periodic orbits for increasing values of e:
0.1, 0.2, and 0.3.

The family labeled F; is the continuation, for values of e # 0, of
the periodic orbit named P, in the preceding analysis. For this orbit,
the initial value 6 is negative, and the amplitude of the oscillation
increases when e increases.

The orbits P, and P, appear in Fig. 6 as the trajectory labeled
e =0, and they share the same phase plane trajectory. However,
they have different time histories, which exhibit a phase lag of one
semiperiod.

Note that the phase flow of Eq. (23) does not depend on the sign
of 8’. However, Eq. (14) does not have such a property, and a change
of sign in 6’ leads to a quite different orbit in the phase plane. This
is the reason why, from the same periodic orbit of the phase plane,
two different families arise for e # 0.

The family labeled F arises from the stable equilibrium position
(0 =6"=0). For this family, 6, is positive, and the amplitude of the
oscillation increases when e increases. Because the oscillation goes
to zero with e, it is possible to obtain an asymptotic approximation
for these orbits in the limit ¢ — 0. Such an approximation is given
by Eq. (26):

O(v,e) =sinv-e— 3sin2v-e? + [(13/12) sin3v + 3sinv] - ¢

+[Zsin2v — (83/104) sin4v] - &* + O(e”) (26)

Figure 7 shows the asymptotic solution, plotted with solid lines,
and the solution obtained numerically plotted with dots. Both solu-
tions show a good agreement for the three values of e considered:
0.1, 0.2, and 0.3. Obviously, the agreement is better for the smallest
values of e. If necessary, it would be possible to increase the ac-
curacy of the asymptotic solution (26) obtaining more terms of the
expansion. The procedure is explained in detail in Refs. 1 and 2.

Each orbit is determined by the initial conditions 6, =0 and 6.
To obtain a periodic solution in a particular case, only the value of 6,
is needed because the integration of the governing equation in one
period provides the time history of that particular solution. Figure 8



616 PELAEZ AND ANDRES

>

Fig. 7 Asymptotic solution (26) (——) and the numeric one for the
family Fy (¢=0.1, 0.2, and 0.3).

L Fo —
1.5 P o]
T Fo v
1 e
0.5 /
/
0 o
0.5
-1
>1~5 ......................................................
2
0 0.2 0.4 0.6 0.8 1

Fig. 8 Initial conditions vs e for the families 7y, F;, and F>.

shows the initial conditions corresponding to the three families 7,
F1, and JF; vs the eccentricity e.

The families F, and F; merge for the value e~ 0.446 (point
C in Fig. 9). For larger values of e, both families disappear. The
family -, on the other hand, does not disappear, and it exists even
for values of e close to unity. However, its numeric determination
becomes involved when e approaches unity because of Eq. (14),
which is singular for e = 1.

For the family F,, the monodromy matrix of the periodic so-
lution has two eigenvalues. Figure 9 shows, in the upper picture,
these eigenvalues as a function of the eccentricity e. The lower pic-
ture shows their moduli vs e. The modulus of one eigenvalue is
greater than unity in the interval /, & [0.3533, 0.4273] (Ip =[A, B]
in Fig. 9), where the family is unstable. Outside I, the family is
linearly stable. At the boundary values of I, (points A and B in
Fig. 9), both eigenvalues take the value A = —1. This situation is
typical of flip bifurcations, in which the period of the solution will
be doubled. A more detailed analysis about this matter can be found
in Ref. 9. Note that a classical path to chaotic motion can be found
in a cascade of consecutive flip bifurcations. An interesting analysis
on the control of chaotic motion in the problem discussed here can
be found in Ref. 9.

From the point of view of the operation of an electrodynamic
tether, only the family Fy is interesting. The other two families, F;
and F,, turn out to be very unstable. Figure 10 shows the moduli
of the eigenvalues of the monodromy matrix for these two fami-
lies. The upper picture corresponds to the F; family, which ends
in e & (0.446, where it merges with family Fy. The modulus of
the unstable eigenvalue reaches values of the order of 20. The
lower picture corresponds to the , family, which exists practically
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Fig. 9 Eigenvalues of the monodromy matrix and moduli for the family
Fo-

over the entire range e € [0, 1]. It is linearly stable in a very short
interval & [0, 0.046] close to the circular orbit. Beyond this interval,
the modulus of the unstable eigenvalue increases monotonously un-
til it reaches huge values (of the order of 10,000) when e is close to
unity.

Out-of-Plane Perturbations

The analysis carried out in the preceding subsection is based on
Eq. (22), and it does not take into account the effects of the out-of-
plane perturbations. In our numeric scheme, it is easy to introduce
these effects by simply adding Eq. (21) to the analysis. Thus, it is
necessary to repeat the analysis replacing Eq. (22) by the system
(20) and (21).

Because of the strongly unstable character of the families F; and
F,, the new analysis including the out-of-plane perturbations has
been carried out only for the F; family. The main novelty lies in a
new eigenvalue of the monodromy matrix associated to the new de-
gree of freedom. Figure 11 shows the modulus of the eigenvalues of
the monodromy matrix, including the new eigenvalue, as a function
of e.

Note that in the interval & [0, 0.3533], where the periodic solu-
tions were linearly stable when subjected only to in-plane perturba-
tions, the family now becomes unstable. As a result, the family F,
is stable only in the short interval e € [0.4273, 0.4456]. However,
for small values of e (e < 0.2 approximately) the instability is very
weak.

47 -Periodic Orbits

Two families have been found whose period is twice the orbital
period. For the first family, which we will name F3, the tether com-
pletes three libration cycles in two orbits (m = 3). For the second
family, which will be named F4, the tether only completes one
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libration cycle (m = 1). Figure 12 shows, in its upper picture, the
time history, over two orbital periods, of some periodic orbits of
these families, when the eccentricity is e =0.2. The lower picture
of this figure shows the trajectories of these periodic orbits in the
phase plane.

The family F3, for example, has two subfamilies: one which is
the continuation for values of e # 0 of the periodic orbit P, of the
circular case; for this periodic orbit, 6 > 0. The other subfamily is
the continuation for values of e # 0 of the periodic orbit P, of the
circular case; for this periodic orbit, ) < 0. Both subfamilies are
one orbital period phased out, and they share the same trajectories
in the phase plane. Figure 12 shows, in its lower picture, the trajec-
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Fig. 13 Initial conditions for the families F3 and F4 vs e.

tory corresponding to the circular case (orbits Ps, and P3,) and the
trajectory shared by the two periodic orbits of the family 3 plotted
in the upper picture.

A similar situation holds for the family F;. It also contains two
subfamilies, which are the continuation for values of e # 0 of the
periodic orbits Ps, and Py, of the circular case. Figure 12 shows the
corresponding curves for this family.

Figure 13 shows the initial conditions corresponding to the 47 -
periodic families F3 and F, and the 2w -periodic families Fy, Fi,
and F,. The two subfamilies of the F; family, which for ¢ = 0 start
in opposite points, merge for the values (e~ 0.4273, 6~ 0.32).
In this particular point, a flip bifurcation takes place, and two or-
bits of double period bifurcate from the 27 -periodic orbit. The two
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subfamilies of the F4 family, which also start in opposite points for
e =0, never merge. Both subfamilies end when e reaches the value
e~ 0.51556.

Figure 14 shows the moduli of the eigenvalues of the monodromy
matrix for the two families 73 and F;. The family F; is linearly sta-
ble in the intervals [0, 0.237] and [0.415, 0.4456] and very unstable
in the interval [0.237, 0.415]. The out-of-plane perturbations do not
modify this behavior. Because of its high instability, the interest of
family F; is small. However, it could be taken as the starting point
for the operation of the electrodynamic tether because in the interval
[0, 0.237] it is more stable than the 27 -periodic family Fj.

The family F, is strongly unstable. Because each family has
two subfamilies, Fig. 14 should contain four pictures (one for each
subfamily). However, for each family both subfamilies share the
same eigenvalues. This numeric result has been confirmed and
checked thoroughly for the 3 family. The calculations for the 7y
family, because of its huge instability, are rather involved, and they
have not been checked because the interest of this family is slen-
der, from the point of view of the operation of the electrodynamic
tether.

It should be possible to follow the analysis studying the periodic
families with periods 67, 87, ... and so on. However, all of those
families, as in the case of the preceding family F;, are not interesting
for space tethers, at first sight. Their analysis is not included in this

paper.

Alive Tether

When the tether is alive, that is, when the current is flowing in
the wire, the parameter ¢ # 0. In such a case, there are four free
parameters in the problem: e, ¢, i, and w.

To show the influence of the eccentricity, we will start from the
circular case (e =0), whose analysis has been carried out in Ref. 3.
Notice that for e =0, the number of free parameters becomes two
because the argument of the perigee w disappears. In this case, for
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Fig. 15 Periodic solution of the circular case fori = 25 deg and different
values of e.
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Fig. 16 Moduli of the eigenvalues of the monodromy matrix for e =0.
The inclination is i = 25 deg.

each pair of values of the free parameters (¢, i) there is a basic
2m-periodic solution that can be determined.

Figure 15 shows some of these periodic solutions when i =25 deg
and for different values of ¢. (Figures 1517 have been taken from
Ref. 3.) Each one of these basic periodic solutions belongs to a
wider family of 27 -periodic solutions, which can be continued for
nonvanishing values of e. For given values of (¢, i), this family can
be propagated, starting from the circular case, by increasing the
values of e. This way, the influence of a nonvanishing eccentric-
ity in the problem will be described. This is the main goal of this
work.

To increase the legibility of the paper, we will summarize con-
cisely the more important points of the circular case studied in Ref. 3.
In most of the cases, the monodromy matrix has four eigenvalues
that appear as two pairs of complex conjugate numbers. Figure 16,
in which the inclination is i =25 deg, shows the moduli of the
eigenvalues of the monodromy matrix as a function of ¢ (circular
case). You can see in the figure a special value of ¢, close to 1.5,
for which the moduli of all eigenvalues become 1. Just behind this
value, one pair of complex conjugate eigenvalues splits up into two
real numbers when ¢ reaches a critical value ¢*, which is a function
of i. (Itis close to * >~ 1.54 when i =25 deg in Fig. 16.) Figure 17
depicts this function ¢ = ¢*(i), which divides the plane (i, €) in two
regions. In one of them, the instability is weak, and the control of the
electrodynamic tether would be easier. We remember that the insta-
bility considered in these pages appears when dissipation, or damp-
ing, is not considered in the system. By introducing dissipation,
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or some kind of control, the system would become stable in some
cases.!819

The first thing to be underlined is the change of the shape of
the periodic solution when both effects, electrodynamic forces and
eccentricity, act on the tether.

Figure 18 shows the shape of the periodic solution for two incli-
nations and two values of the argument of the perigee. The upper
pictures correspond to i =25 deg, w =30 deg, and the lower ones
to i =45 deg, w =0 deg. In the left pictures, ¢ =0.5, and the ec-
centricity take the values e =0.001, 0.01, 0.05, 0.1, 0.2, and 0.3.
In the right pictures, € =0.75, and the eccentricity take the values
e=0.001, 0.01, 0.05, 0.1, 0.2, and 0.28. In all cases, for small val-
ues of e the periodic solution has the shape of an eight, and it is
quite similar to the curves shown in Fig. 15 for the circular case.

€ 1
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0.5
0
20 40 60 80
[

Fig. 17 Regions of weak and strong instability in the plane (i, ) for
the circular case.

25 T

20 |

-40 -30 -20 -10 0 10 20

a) 0
40

30

20

b) 0

However, for increasing values of e the shape changes very fast and
ends up turning into something similar to an inverted U. Because
of the self-excited character of the equation for the in-plane angle,
the oscillation in 6 probably becomes more pronounced that the
out-of-plane oscillation.

The more important issue to be considered in this analysis is the
stability properties of these 2 -periodic solutions. In particular, we
are interested in the evolution of these stability properties, when e
takes increasing values starting from e = 0. For the elliptic case,
the four eigenvalues of the monodromy matrix appear as two pairs
of complex conjugate numbers.

Figure 19 shows the moduli of these eigenvalues as a function
of the eccentricity e for the particular case ¢ =0.5, i =25 deg, and
o =30 deg. This case has been selected because it shows very well
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Fig. 19 Moduli of the eigenvalues of the monodromy matrix vs e for
e=0.5,i=25 deg, and w =30 deg.
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Fig. 18 Form of the basic periodic solution for a) and b) € =0.5 and ¢) and d) € =0.75. a) and ¢) i = 25 deg, w = 30 deg and b) and d) i = 45 deg, w =0 deg.

Different values of ¢ have been considered.
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the essential qualitative behavior of the system. Different values of
(&, i, w) provide quantitative changes, but the qualitative variations
are not important.

In Fig. 19, the starting point e =0 provides the moduli of the
eigenvalues for the circular case, which we take as the reference
values. For small values of e, the moduli of the eigenvalues do
not change significantly, and for increasing values of e this situ-
ation remains unchanged until the point A in Fig. 19 is reached.
This point corresponds to e*, a critical value of the eccentricity for
which one pair of conjugate complex eigenvalues splits into two
real numbers and one of them grows significantly and abruptly. In
Fig. 19, e*~0.283. Thus, for values of e <¢e* the instability as-
sociated to the electrodynamic forces remains almost the same as
in the circular orbit, but for e > e* the instability becomes more
pronounced. As a consequence, the critical value e¢* will be useful
to separate the cases of weak instability from the cases of strong
instability.

In this analysis, the critical value e* is a function of the other free
parameters: e* =e* (¢, i, w). The effect of all of these parameters
will be plotted in the (e, €) plane. For given values of i and w, the
critical condition defines a curve in the plane (e, €). Such a curve
divides the plane in two regions: in one of them the instability is
weak, as in the circular case, but in the other one, the instability
becomes strong. In the region of weak instability, the control of the
electrodynamic tether would be easier.

To study the effect of both parameters (i and w), first @ will
be kept fixed and equal to zero, studying in this way the effect
of changing the value of i. In a second step the effect of w will be
studied. Figure 20 shows the curves e¢* = e¢* (¢, i, 0) for the following
values of the inclination: i =5, 10, 20, 25, 30, and 35 deg. Note that
in Fig. 20, the curves for the different inclinations considered are
close to each other. This means that the influence of the inclination
is small.

For small values of e, the critical value ¢* does not separate the
weak instability zone of the strong instability zone very well. The
reason must be found in the behavior of the eigenvalues for increas-
ing values of ¢. When ¢ increases, Fig. 19 changes in the following
way: 1) the point A moves to the left, and 2) the central oval shrinks.
Figure 21 shows the moduli of the eigenvalues for ¢ =0.9, and the
same inclination and argument of perigee i =25 deg, w =30 deg. It
is clear that just beyond the point A of the figure the eigenvalues do
not have large moduli. In these cases it is better to use the point B
of this figure. In B, the modulus of all of the complex eigenvalues
is unity. However, beyond B the moduli of one pair of conjugate
complex eigenvalues grow very quickly, and this means strong in-
stability. Thus, in those cases the weak and the strong instability
zones are better separated using the point B.

Figure 20 also shows the curves described by the point B in the
plane (e, ¢) for the same values of the inclination. These new curves
again exhibit a low sensitivity to the inclination. Roughly speaking,
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Fig. 20 Regions of the plane (e, €) with different stability properties.
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for e > ~ 0.2 the separation between the weak and strong instability
zones is well described by the A curves, but for e <~ 0.2 is better
to use the B curves.

The upper horizontal line in Fig. 20 corresponds to the circular
case. It gives the order of magnitude of the critical value of ¢ (see
Fig. 17), which separates the weak from the strong instability zone
in the circular orbit.

Now in a second step, the effect of w is studied, keeping the
inclination fixed to i =25 deg. Figure 22 shows the different curves
e* =e*(g,25, w) for the following values of the argument of the
perigee w: w =0, 30, 60, 90, 120, and 150 deg.

Only values of w between 0 and 180 deg are considered. The rea-
son for that can be found in Egs. (14) and (15). They remain invariant
under the transformation w — w + 180 deg, 8 — 0, ¢ — —¢. This
means that orbits where the apogee and the perigee are shifted ex-
hibit symmetric trajectories with respect to ¢ in the phase space,
not in the real space. In Fig. 23 two periodic solutions are depicted,
fore=0.2, e =0.5,i =45 deg, w; =30 deg, and w, =210 deg, re-
spectively. These two trajectories have the same eigenvalues and of
course stability properties, thus only the interval w € [0 180 deg]
needs to be studied. This symmetry appears to be caused by the
simplifications assumed for the model.

From Fig. 22, one can conclude that the effect of w is also small
considered with the effect of the eccentricity, which can be consid-
ered as the driving parameter to study the stability of the problem. In
any case, as expected, when ¢ — 0 and also when e — 0 the effect
of the argument of the perigee is negligible. In the first case, the
reason is that when the magnetic forces vanished w disappears from
Eqgs. (14) and (15) as it has no influence on the gravitational forces.
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Fig. 23 Two trajectories of the tether in the phase space: e=0.2, =0.5,
i=45 deg, w1 =30 deg, and w; =210 deg, respectively.

In the second case, when e — 0 the orbit becomes circular, and w is
not defined for this case.

Figure 22 only shows the critical A curves (obtained with the
help of point A). A similar analysis can be done by using the B
point to separate, in the plane (e, €), the weak instability zone from
the strong one. However, because of the small sensitivity of the
problem with the argument of the perigee w the B curves do not
change substantially from the curves shown in Fig. 20.

An important result emerging from this analysis is that, globally,
the weak instability zone shrinks when the orbit is elliptical. More-
over, when the eccentricity is greater than =~ 0.35 the electrodynamic
tether becomes strongly unstable. This is particularly interesting be-
cause in some missions to the giant planets electrodynamic tethers
have been considered as the primary power source in combination
with elliptical orbits. In those cases, the eccentricity of the orbit must
be lower than the critical value 0.35, to avoid the strong instabilities
shown in this paper.

Conclusions

In this paper we study the effects of the joint action of the orbital
eccentricity and electrodynamic forces on the attitude dynamics of
an electrodynamic tether. For an elliptical orbit, the equations gov-
erning the motion relative to the system center of mass can be rewrit-
ten, introducing the effects of the eccentricity and electrodynamic
forces as periodic forcing terms. These forcing terms change with
the orbital period and prevent the existence of equilibrium positions
along the local vertical.

Instead of equilibrium positions, the system has periodic orbits
that have been studied numerically in this paper. To carry out the nu-
merical analysis, we use an algorithm based on the Poincaré method
of continuation of periodic orbits. The algorithm provides different
families of periodic orbits and permits an exhaustive analysis when
used together with the frequency entrainment law for periodically
forced system.

We show the ability of the algorithm to obtain periodic orbits
for an inert tether (i.e., without current) in elliptical orbits. These
periodic orbits were detected in 1969 by Modi and Brereton,®” for a
general satellite. In the present analysis, they become part of a wider
family of periodic orbits for the case of a tethered satellite. The
algorithm also provides the stability properties of the new periodic
orbits after having detected them.

We obtain the essential free parameters involved in the problem.
But the main result of the analysis is to show the effects of the orbital
eccentricity on the periodic orbits for the alive (i.e., with current)
tether. The shape of the periodic orbits changes drastically from the
circular to the elliptical case. The stability properties also change
but in a more complex way.

Thus, when the eccentricity is small there are no qualitative
changes in the stability properties of the periodic solutions, and
both cases, circular end elliptic, turn out to be very similar. However,

for increasing values of the eccentricity the dynamic instability be-
comes more and more pronounced. Beyond a critical value e ~ 0.35,
the instability is very strong. Thus, the missions using orbits with
very high eccentricity, e ~ 0.5-0.8, should face challenging control
problems, if used with electrodynamic tethers.

The present analysis shows that the influence of the inclination i
and the argument of the perigee w are small, that is, these parameters
change very slightly the effects of the orbital eccentricity e. Note,
however, that the inclination i plays an important role, when e =0,
in the onset of the instability we are dealing with; in fact, if i =0
the instability disappears.

To simplify the analysis, we introduced some assumptions that
limit its validity, as, for example, a rigid tether model, a nontilted
dipole model for the Earth magnetic field, damping and/or control
are not considered and the tether current does not change along
the orbit. This way, some interesting conclusions of general valid-
ity could be drawn. Obviously, the analysis must be improved in
the future, removing some of the most restrictive assumptions. For
instance, in an elliptical orbit it will be important to consider the
variations of the tether current along the trajectory because of the
differences in height between the apogee and the perigee. Because
of the ionospheric plasma density, these differences produce impor-
tant changes in the tether current, making the instability detected
in this analysis smoother. However, such a detailed analysis should
be attached to some tether configuration (bare tether, for example),
and it is, by its own nature, of limited scope.
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